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Abstract
In this work, we establish Ho¨lder’s inequality, Minkowski’s inequality and Jensen’s inequality on time scales via the nabla
integral and diamond-α dynamic integral, which is defined as a linear combination of the delta and nabla integrals.
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1. Introduction
The development of the theory of time scales was initiated by Hilger [4] in 1988 as a theory capable of containing
difference and differential calculus in a consistent way. Since then many authors have studied the theory of certain
integral inequalities on time scales. For example, we refer the reader to the papers [7,8]. Wong et al. [7,8] gave some
time scale integral inequalities which can be stated as follows:
Let f, g, h ∈ Crd([a, b],R) and 1p + 1q = 1 with p > 1; then(∫ b
a
|h(x)| | f (x)|p 1x
) 1
p
(∫ b
a
|h(x)| |g(x)|q 1x
) 1
q
≥
∫ b
a
|h(x)| | f (x)g(x)|1x . (1.1)
Let f, g, h ∈ Crd([a, b],R) and 1p + 1q = 1 with p < 0 or q < 0; then(∫ b
a
|h(x)| | f (x)|p 1x
) 1
p
(∫ b
a
|h(x)| |g(x)|q 1x
) 1
q
≤
∫ b
a
|h(x)| | f (x)g(x)|1x . (1.2)
Inequalities (1.1) and (1.2) are called Ho¨lder’s inequalities in the literature.
Let f, g, h ∈ Crd([a, b],R) and p > 1; then(∫ b
a
|h(x)| | f (x)+ g(x)|p 1x
) 1
p
≤
(∫ b
a
|h(x)| | f (x)|p 1x
) 1
p
+
(∫ b
a
|h(x)| |g(x)|p 1x
) 1
p
, (1.3)
which is called Minkowski’s inequality.
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Let g ∈ Crd([a, b], (c, d)) and h ∈ Crd([a, b],R) with
∫ b
a |h(x)|1x > 0, where a, b ∈ T and c, d ∈ R. If
f ∈ C((c, d),R) is convex, then
f
(∫ b
a |h(x)| g(x)1x∫ b
a |h(x)|1x
)
≤
∫ b
a |h(x)| | f (g(x))|1x∫ b
a |h(x)|1x
. (1.4)
which is called Jensen’s inequality.
In this work we study Ho¨lder’s inequality, Minkowski’s inequality and Jensen’s inequality first using the nabla
integral and later the diamond-α integral on time scales. We refer the reader to [1,6] for an account of the calculus
corresponding to the nabla derivative and diamond-α dynamic derivative, respectively. The work is organized as
follows: the next section contains basic definitions and theorems of time scales theory, which can also be found
in [1–4,6], and of delta, nabla and diamond-α dynamic derivatives. In Section 3, we present our results, which are
generalizations of the given results using the delta integral of [7,8].
2. Preliminaries
A time scale T is an arbitrary nonempty closed subset of real numbers. The calculus of time scales was initiated
by Stefan Hilger in his Ph.D. thesis [4] in order to create a theory that can unify discrete and continuous analysis. Let
T be a time scale. T has the topology that it inherits from the real numbers with the standard topology. Let σ(t) and
ρ(t) be the forward and backward jump operators in T, respectively. For t ∈ T we define the forward jump operator
σ : T→ T by
σ(t) = inf{s ∈ T : s > t},
while the backward jump operator ρ : T→ T is defined by
ρ(t) = sup{s ∈ T : s < t}.
If σ(t) > t , we say that t is right-scattered, while if ρ(t) < t , we say that t is left-scattered. Points that are right-
scattered and left-scattered at the same time are called isolated. If σ(t) = t , then t is called right-dense, and if ρ(t) = t ,
then t is called left-dense. Points that are right-dense and left-dense at the same time are called dense. Let t ∈ T; then
two mappings µ, ν : T→ [0,∞) satisfying
µ(t) := σ(t)− t, ν(t) := t − ρ(t)
are called the graininess functions.
We introduce the sets Tκ , Tκ and T∗ which are derived from the time scales T as follows. If T has a left-scattered
maximum t1, then Tκ = T − {t1}; otherwise Tκ = T. If T has a right-scattered minimum t2, then Tκ = T − {t2};
otherwise Tκ = T. Finally, T∗ = Tκ ∩ Tκ .
Let f : T→ R be a function on time scales. Then for t ∈ Tκ we define f 1(t) to be the number, if one exists, such
that for all ε > 0 there is a neighborhood U of t such that for all s ∈ U∣∣ f (σ (t))− f (s)− f 1(t)[σ(t)− s]∣∣ ≤ ε|σ(t)− s|.
We say that f is delta differentiable on Tκ provided f 1(t) exists for all t ∈ Tκ . Similarly, for t ∈ Tκ we define f ∇(t)
to be the number value, if one exists, such that for all ε > 0 there is a neighborhood V of t such that for all s ∈ V
| f (ρ(t))− f (s)− f ∇(t)[ρ(t)− s]| ≤ ε|ρ(t)− s|.
We say that f is nabla differentiable on Tκ provided f ∇(t) exists for all t ∈ Tκ .
If f : T → R is a function, then we define the function f σ : T → R by f σ (t) = f (σ (t)) for all t ∈ T,
i.e., f σ = f ◦ σ .
If f : T → R is a function, then we define the function f ρ : T → R by f ρ(t) = f (ρ(t)) for all t ∈ T,
i.e., f ρ = f ◦ ρ.
Assume that f : T→ R is a function and let t ∈ Tκ (t 6= minT). Then we have the following:
(i) If f is delta differentiable at t , then f is continuous at t .
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(ii) If f is left continuous at t and t is right-scattered, then f is delta differentiable at t with
f 1(t) = f
σ (t)− f (t)
µ(t)
.
(iii) If t is right-dense, then f is delta differentiable at t iff the limit
lim
s→t
f (t)− f (s)
t − s
exists as a finite number. In this case
f 1(t) = lim
s→t
f (t)− f (s)
t − s .
(iv) If f is delta differentiable at t , then
f σ (t) = f (t)+ µ(t) f 1(t).
Assume that f : T→ R is a function and let t ∈ Tκ (t 6= maxT). Then we have the following:
(i) If f is nabla differentiable at t , then f is continuous at t .
(ii) If f is right continuous at t and t is left-scattered, then f is nabla differentiable at t with
f ∇(t) = f (t)− f
ρ(t)
ν(t)
.
(iii) If t is left-dense, then f is nabla differentiable at t iff the limit
lim
s→t
f (t)− f (s)
t − s
exists as a finite number. In this case
f ∇(t) = lim
s→t
f (t)− f (s)
t − s .
(iv) If f is nabla differentiable at t , then
f ρ(t) = f (t)− ν(t) f ∇(t).
A function f : T→ R is called rd-continuous provided it is continuous at all right-dense points in T and its left-sided
limits finite at all left-dense points in T.
A function f : T → R is called ld-continuous provided it is continuous at all left-dense points in T and its
right-sided limits finite at all right-dense points in T.
A function F : T→ R is called a delta antiderivative of f : T→ R provided F1(t) = f (t) holds for all t ∈ Tκ .
Then the delta integral of f is defined by∫ b
a
f (t)1t = F(b)− F(a).
A function G : T → R is called a nabla antiderivative of g : T → R provided G∇(t) = g(t) holds for all t ∈ Tκ .
Then the nabla integral of g is defined by∫ b
a
g(t)∇t = G(b)− G(a).
Much other information concerning about time scales can be found in [1–3].
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The purpose of this work is obtaining inequalities (1.1)–(1.4) using the ∇ and α dynamic derivatives on time
scales. Now, we briefly introduce the diamond-α dynamic derivative and the diamond-α dynamic integration and we
refer the reader to [6] for a comprehensive development of the calculus of the diamond-α dynamic derivative and the
diamond-α dynamic integration.
Let T be a time scale and f (t) be differentiable on T in the 1 and ∇ senses. For t ∈ T we define the diamond-α
dynamic derivative f α (t) by
f α (t) = α f 4(t)+ (1− α) f 5(t), 0 ≤ α ≤ 1.
Thus f is diamond-α differentiable if and only if f is 1 and ∇ differentiable. The diamond-α derivative reduces
to the standard 1 derivative for α = 1, or the standard ∇ derivative for α = 0. On the other hand, it represents a
“weighted dynamic derivative” for α ∈ (0, 1). Furthermore, the combined dynamic derivative offers a centralized
derivative formula on any uniformly discrete time scale T when α = 12 .
Let f, g : T→ R be diamond-α differentiable at t ∈ T. Then
(i) f + g : T→ R is diamond-α differentiable at t ∈ T with
( f + g)α (t) = f α (t)+ gα (t).
(ii) For any constant c, c f : T→ R is diamond-α differentiable at t ∈ T with
(c f )α (t) = c f α (t).
(iii) f g : T→ R is diamond-α differentiable at t ∈ T with
( f g)α (t) = f α (t)g(t)+ α f σ (t)g1(t)+ (1− α) f ρ(t)g∇(t).
Let a, t ∈ T, and h : T→ R. Then the diamond-α integral from a to t of h is defined by∫ t
a
h(τ )ατ = α
∫ t
a
h(τ )1τ + (1− α)
∫ t
a
h(τ )∇τ, 0 ≤ α ≤ 1.
We may notice that since the α integral is a combined 1 and ∇ integral, we in general do not have(∫ t
a
h(τ )ατ
)α
= h(t), t ∈ T.
Let a, b, t ∈ T, c ∈ R; then
(i)
∫ t
a [ f (τ )+ g(τ )]ατ =
∫ t
a f (τ )ατ +
∫ t
a g(τ )ατ ,
(ii)
∫ t
a c f (τ )ατ = c
∫ t
a f (τ )ατ,
(iii)
∫ t
a f (τ )ατ = −
∫ a
t f (τ )ατ,
(iv)
∫ t
a f (τ )ατ =
∫ b
a f (τ )ατ +
∫ t
b f (τ )ατ,
(v)
∫ a
a f (τ )ατ = 0.
Throughout this work, we suppose that T is a time scale, a, b ∈ T with a < b and an interval [a, b] means the
intersection of real interval with the given time scale.
3. Main results
In this section, we will state our main results and give their proofs.
Theorem 3.1 (Ho¨lder’s Inequality I). Let f, g, h ∈ Cld([a, b],R) and 1p + 1q = 1 with p > 1; then(∫ b
a
|h(x)| | f (x)|p ∇x
) 1
p
(∫ b
a
|h(x)| |g(x)|q ∇x
) 1
q
≥
∫ b
a
|h(x)| | f (x)g(x)| ∇x . (3.1)
U.M. O¨zkan et al. / Applied Mathematics Letters 21 (2008) 993–1000 997
Proof. Set
A(t) = |h(t)|
1
p | f (t)|(∫ b
a |h(x)| | f (x)|p ∇x
) 1
p
and B(t) = |h(t)|
1
q |g(t)|(∫ b
a |h(x)| |g(x)|q ∇x
) 1
q
on [a.b]. Following from the well-known Young’s inequality αβ ≤ α pp + β
q
q , where α, β are nonnegative real numbers
and p, q ≥ 1 real numbers satisfy 1p + 1q = 1, we see that∫ b
a
A(t)B(t)∇t ≤
∫ b
a
[
Ap(t)
p
+ B
q(t)
q
]
∇t
≤ 1
p
∫ b
a
|h(t)| | f (t)|p∫ b
a |h(x)| | f (x)|p ∇x
∇t + 1
q
∫ b
a
|h(t)| | f (t)|q∫ b
a |h(x)| | f (x)|q ∇x
∇t
= 1
p
+ 1
q
= 1.
Therefore, we obtain the desired result. 
For the particular case p = q = 2 in (3.1), we obtain the Cauchy–Schwarz inequality.
Theorem 3.2 (Cauchy–Schwarz Inequality). Let a, b ∈ T. For ∇-integrable f, g : [a, b] → R we have∫ b
a
|h(x)| | f (x)g(x)| ∇x ≤
√(∫ b
a
|h(x)| | f (x)|2 ∇x
)(∫ b
a
|h(x)| |g(x)|2 ∇x
)
.
Using Theorem 3.1, we can prove the following:
Theorem 3.3 (Ho¨lder’s Inequality II). Let f, g, h ∈ Cld([a, b],R) and 1p + 1q = 1 with p < 0 or q < 0; then(∫ b
a
|h(x)| | f (x)|p ∇x
) 1
p
(∫ b
a
|h(x)| |g(x)|q ∇x
) 1
q
≤
∫ b
a
|h(x)| | f (x)g(x)| ∇x . (3.2)
Proof. Without loss of generality, we may assume that p < 0. Set P = − pq , Q = 1q . Then 1P + 1Q = 1 with P > 1
and Q > 1. Letting f (x) = F(x) and g(x) = G(x) in (3.1), we have(∫ b
a
|h(x)| |F(x)|P ∇x
) 1
P
(∫ b
a
|h(x)| |G(x)|Q ∇x
) 1
Q
≥
∫ b
a
|h(x)| |F(x)G(x)| ∇x .
Letting F(x) = f −q(x) and G(x) = f q(x)gq(x) in the above inequality, we get the desired result. 
Using the just proved Ho¨lder’s inequalities, we can show that Minkowski’s inequality on time scales is as follows:
Theorem 3.4 (Minkowski’s Inequality). Let f, g, h ∈ Cld([a, b],R) and p > 1; then(∫ b
a
|h(x)| | f (x)+ g(x)|p ∇x
) 1
p
≤
(∫ b
a
|h(x)| | f (x)|p ∇x
) 1
p
+
(∫ b
a
|h(x)| |g(x)|p ∇x
) 1
p
. (3.3)
Proof. It follows from Theorem 3.1 that∫ b
a
|h(x)| |( f (x)+ g(x))|p ∇x =
∫ b
a
|h(x)| | f (x)+ g(x)|p−1 (| f (x)+ g(x)|)∇x
≤
∫ b
a
|h(x)| | f (x)+ g(x)|p−1 (| f (x)| + |g(x)|)∇x
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=
∫ b
a
|h(x)| | f (x)+ g(x)|p−1 | f (x)| ∇x +
∫ b
a
|h(x)| | f (x)+ g(x)|p−1 |g(x)| ∇x
≤
{∫ b
a
|h(x)|
(
| f (x)+ g(x)|p−1
)q ∇x} 1q (∫ b
a
|h(x)| | f (x)|p ∇x
) 1
p
+
{∫ b
a
|h(x)|
(
| f (x)+ g(x)|p−1
)q ∇x} 1q (∫ b
a
|h(x)| |g(x)|p ∇x
) 1
p
=
{∫ b
a
|h(x)| | f (x)+ g(x)|p ∇x
} 1
q
.

(∫ b
a
|h(x)| | f (x)|p ∇x
) 1
p
+
(∫ b
a
|h(x)| |g(x)|p ∇x
) 1
p
 .
Minkowski’s inequality is obtained by dividing both sides of the above inequality by {∫ ba |h(x)| | f (x)+ g(x)|p
∇x} 1q . 
In order to establish Jensen’s inequality, we need the following lemma in [8].
Lemma 3.5. Let f ∈ C((c, d),R) be convex. Then for each t ∈ (c, d), there exists at ∈ R such that f (s) − f (t) ≥
at (s− t) for all s ∈ (c, d). If f is strictly convex, then the inequality sign “≥” in the above inequality can be replaced
by “>”.
Theorem 3.6 (Jensen’s Inequality). Let g ∈ Cld([a, b], (c, d)) and h ∈ Cld([a, b],R) with
∫ b
a |h(x)| ∇x > 0, where
a, b ∈ T and c, d ∈ R. If f ∈ C((c, d),R) is convex, then
f
(∫ b
a |h(x)| g(x)∇x∫ b
a |h(x)| ∇x
)
≤
∫ b
a |h(x)| | f (g(x))| ∇x∫ b
a |h(x)| ∇x
. (3.4)
If f is strictly convex, then the inequality sign “≤” in the above inequality can be replaced by “<”.
Proof. Since f is convex, it follows from Lemma 3.5 that for each t ∈ (c, d), there exists at ∈ R such that
f (s)− f (t) ≥ at (s − t) for all s ∈ (c, d). Let
t =
∫ b
a |h(x)| g(x)∇x∫ b
a |h(x)| ∇x
.
Thus,∫ b
a
|h(x)| f (g(x))∇x −
(∫ b
a
|h(x)| ∇x
)
f
(∫ b
a |h(x)| g(x)∇x∫ b
a |h(x)| ∇x
)
=
∫ b
a
|h(x)| f (g(x))∇x −
(∫ b
a
|h(x)| ∇x
)
f (t)
=
∫ b
a
|h(x)| { f (g(x))− f (t)} ∇x
≥ at
∫ b
a
|h(x)| {g(x)− t} ∇x
= at
{∫ b
a
|h(x)| g(x)∇x − t
∫ b
a
|h(x)| ∇x
}
= at
{∫ b
a
|h(x)| g(x)∇x −
∫ b
a
|h(x)| g(x)∇x
}
= 0,
which completes our proof. 
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Letting T = R or T = Z in Theorem 3.6, we have following two corollaries which improve [5, Theorems 2 and
3], respectively.
Corollary 3.7. Let g, h : [a, b] → R be integrable with ∫ ba |h(x)| dx > 0. If f ∈ C((c, d),R) is convex, then
f
(∫ b
a |h(x)| g(x)dx∫ b
a |h(x)| dx
)
≤
∫ b
a |h(x)| | f (g(x))| dx∫ b
a |h(x)| dx
,
where g([a, b]) ⊆ (c, d).
Corollary 3.8. Let f be a convex function. Then for any x1, x2, . . . , xn ∈ R and c1, c2, . . . , cn ∈ R with∑nk=1 |ck | >
0,
f

n∑
k=1
|ck |xk
n∑
k=1
|ck |
 ≤
n∑
k=1
|ck | f (xk)
n∑
k=1
|ck |
.
Next, we consider diamond-α integral on time scales.
Theorem 3.9 (Ho¨lder’s Inequality I). Let f, g, h : [a, b] → R be α-integrable functions and 1p + 1q = 1 with p > 1;
then (∫ b
a
|h(x)| | f (x)|p αx
) 1
p
(∫ b
a
|h(x)| |g(x)|q αx
) 1
q
≥
∫ b
a
|h(x)| | f (x)g(x)| αx . (3.5)
Proof. This theorem is a direct extension of the Theorem 3.1. 
Remark 3.1. When α = 1, inequality (3.5) reduces to inequality (1.1). When α = 0, inequality (3.5) reduces to
inequality (3.1).
For the particular case p = q = 2 in (3.5), we obtain the Cauchy–Schwarz inequality.
Theorem 3.10 (Cauchy–Schwarz Inequality). Let a, b ∈ T. For α-integrable f, g : [a, b] → R we have∫ b
a
|h(x)| | f (x)g(x)| αx ≤
√(∫ b
a
|h(x)| | f (x)|2 αx
)(∫ b
a
|h(x)| |g(x)|2 αx
)
.
Using Theorem 3.9, we can prove the following:
Theorem 3.11 (Ho¨lder’s Inequality II). Let f, g, h : [a, b] → R be α-integrable functions and 1p + 1q = 1 with
p < 0 or q < 0; then(∫ b
a
|h(x)| | f (x)|p αx
) 1
p
(∫ b
a
|h(x)| |g(x)|q αx
) 1
q
≤
∫ b
a
|h(x)| | f (x)g(x)| αx . (3.6)
Proof. This theorem is a direct extension of the Theorem 3.3. 
Remark 3.2. When α = 1, inequality (3.6) reduces to inequality (1.2). When α = 0, inequality (3.6) reduces to
inequality (3.2).
Using Ho¨lder’s inequalities proved above, we can show that Minkowski’s inequality on time scales is as follows:
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Theorem 3.12 (Minkowski’s Inequality). Let f, g, h : [a, b] → R be α-integrable functions and p > 1; then(∫ b
a
|h(x)| | f (x)+ g(x)|p αx
) 1
p
≤
(∫ b
a
|h(x)| | f (x)|p αx
) 1
p
+
(∫ b
a
|h(x)| |g(x)|p αx
) 1
p
. (3.7)
Proof. This theorem is a direct extension of the Theorem 3.4. 
Remark 3.3. When α = 1, inequality (3.7) reduces to inequality (1.3). When α = 0, inequality (3.7) reduces to
inequality (3.3).
Theorem 3.13 (Jensen’s Inequality). Let g : [a, b] → (c, d) and h : [a, b] → R be α-integrable functions with∫ b
a |h(x)| αx > 0, where a, b ∈ T and c, d ∈ R. If f : (c, d)→ R is convex, then
f
(∫ b
a |h(x)| g(x)αx∫ b
a |h(x)| αx
)
≤
∫ b
a |h(x)| | f (g(x))| αx∫ b
a |h(x)| αx
. (3.8)
If f is strictly convex, then the inequality sign “≤” in the above inequality turns to “<”.
Proof. This theorem is a direct extension of the Theorem 3.6. 
Remark 3.4. When α = 1, inequality (3.8) reduces to inequality (1.4). When α = 0, inequality (3.8) reduces to
inequality (3.4).
4. Discussion
Integral inequalities play a major role in the development of a time scales calculus. In this work, we considered
Ho¨lder’s inequality, Minkowski’s inequality and Jensen’s inequality on time scales. Ho¨lder’s inequality, Minkowski’s
inequality and Jensen’s inequality were obtained by Wong et al. [7,8] using the delta integral; we offered these
inequalities first using the nabla integral and later the diamond-α integral, which is the linear combination of the
delta and nabla integrals.
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